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ON THE CONNECTED COMPONENTS OF THE CONJUGACY
CLASS OF PROJECTORS ON ℓp ⊕ ℓq
DANIELE GARRISI
Abstract. We characterize the projectors P on a Banach space E having the
property of being connected to all the others projectors obtained as a conju-
gation of P . Using this characterization we show an example of Banach space
where the conjugacy class of a projector splits into several path-connected
components, and describe the conjugacy classes of projectors onto subspaces
of ℓp ⊕ ℓq with p 6= q.
1. Introduction
Let A be a Banach algebra and denote by P(A) the space of projectors, that is the
set of the elements p ∈ A such that p2 = p, endowed with the subspace topology.
We denote by G(A) the group of invertible elements of A. Given a topological
space X , we use the notation π0(X) for set of path-connected components of X ,
and [x] for the component which contains x.
Given two projectors p and q it is possible to define another relation
pRq : ∃g ∈ G(A) such that gp = qg, Rp := {q | pRq}.
If pRq, we also say that p is conjugated to q, and Rp is the conjugacy class of p. In
general, for every Banach algebra, the inclusion [p] ⊆ Rp holds. A proof of this fact
can be found in [7, Proposition 4.2], or [4, Ch. I.4 §6]. Actually, the following fact
holds true: if [p] = [q], there exists a continuous path u : [0, 1]→ G(A) such that
(1.1) u(1)p = qu(1) and u(0) = 1.
In [7, 7.13.1], G. Porta and L. Recht provided an example of Banach algebra and a
projector p such that [p] ( Rp. The algebra A is C(S
3,M(2,C)) and the projector
is defined as follows: if x := (x1, x2, x3, x4) is a point of S
3, then
(1.2) p(x) :=
(
z0z0 z1z0
z0z1 z1z1
)
, q(x) := 1− p(x)
where z0 := x1 + ix2 and z1 := x3 + ix4. Therefore, we wonder whether a similar
example may occur in algebras of bounded operators on a Banach space E, for a
suitable choice of E. That is, whether there are two projectors P and Q in P(L(E))
which are conjugated to each other, but [P ] 6= [Q], for a suitable choice of E. This
happens in the space E := ℓp ⊕ ℓq with 1 ≤ p, q and p 6= q.
In §2, we provide necessary and sufficient conditions to a projector P ∈ P(L(E))
ensuring the equality RP = [P ]. This conditions is expressed in terms of the
connected components of the general linear group of ker(P ), ran(P ) andE. In §3, we
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address projectors P such that ran(P ) can be obtained as direct sum of a subspace of
ℓp⊕{0} and a subspace of {0}⊕ℓq. We show that there are two possible behaviours:
either RP is path-connected or RP has infinitely many connected components.
2. A criterion to establish whether RP = [P ]
Let P be a projector of L(E). We set X := ran(P ) and Y := ker(P ).
Proposition 2.1. Given a Banach space E, RP = [P ] if and only if
ϕ∗ : π0(GL(X)×GL(Y ))→ π0(GL(E)), ϕ(A,B) := A⊕B
is surjective.
Proof. Suppose that RP ⊆ [P ]. Given T ∈ GL(E), we set
(2.1) Q := TPT−1.
Since Q is a projector, it is path-connected to P . Then, from (1.1), there exists a
path of invertible operators U such that
(2.2) SP = QS, S := U(1).
From (2.1) and (2.2), it follows that S−1T commutes with P or, equivalently, S−1T
is in the image of ϕ. Hence S−1T ∈ Im(ϕ) while, from the definition of U(t), we have
[S−1T ] = [T ]. Then, [T ] ∈ Im(ϕ∗). Conversely, suppose that ϕ∗ is surjective and
consider TPT−1, a conjugation of P . Let (A,B) be a pair such that [A⊕B] = [T−1].
Since A⊕B commutes with P we have
(T (A⊕B))P (T (A⊕B))−1 = TPT−1,
while [T (A⊕ B)] = [idE ]. Then [TPT
−1] = [P ]. 
Remark 2.1. Actually, we proved that TPT−1 belongs to the same connected
component of P if and only if [T ] belongs to the image of ϕ∗.
Example 2.1. When GL(E) is path-connected, RP = [P ]. In fact, given U ∈
GL(E) and a path U(t) which connects U to idE , the path U(t)PU(t)
−1 connects
P to UPU−1.
Example 2.2. Considering cases where the linear group is not connected does not
automatically imply the existence of a projector where [P ] ( RP . For instance,
if E = Rn, the linear group is GL(n,R) which consists of two connected com-
ponents characterized by the sign of the determinant; given T ∈ GL(n,R) such
that det(T ) < 0 it is possible to choose A ∈ GL(X) and B ∈ GL(Y ) such that
det(A) · det(B) < 0. Therefore ϕ∗([A⊕B]) = [T ], and ϕ∗ is surjective.
3. The conjugacy class in ℓp ⊕ ℓq
We will use a construction of A. Douady, [2], devised with the purpose of showing
the existence of infinite-dimensional Banach spaces whose linear group is not path-
connected.
Let E = F ⊕G be Banach spaces such that F and G are isomorphic to their closed
subspaces of co-dimension one and such that L(F,G) = LSS(F,G) (the subspace
of strictly singular operators). We set
PF (x, y) := (x, 0), PG(x, y) = (0, y).
Given an operator A ∈ L(F ), we use the notation ind(A) for the Fredholm index,
whenever appropriate.
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Lemma 3.1 (From [2, Proposition 1]). There exists a continuous, surjective group
homomorphism j : GL(E)→ Z such that j(T ) = ind(PFTPF ). Moreover,
(a) ind(PFTPF ) + ind(PGTPG) = 0
(b) if GL(F ) and GL(G) are path-connected, j is injective.
For the proof of the fact that j is a group homomorphism and that is surjective, we
refer to Lemma 1 and Lemma 2 of [5]. An explicit invertible operator V such that
j(V ) = 1 is the example provided in [5, p. 6]. Let F1 and G1 be two closed subspaces
of co-dimension one in F and G, respectively and σ : F1 → F and τ : G1 → G be
two isomorphisms. Let also v and w be such that
F = F1 ⊕ 〈v〉, G = G1 ⊕ 〈w〉.
We define
(3.1) V (x+ sv, y) = (σ(x), sw + τ−1(y)).
where ind(PFV PF ) = 1. For the injectivity of the map j when GL(F ) and GL(G)
are path connected, we refer to [2] and [3].
Hereafter, we set F := ℓp and G := ℓq. Let P be such that ran(P ) = X1 ⊕ X2,
where X1 ⊆ ℓp and X2 ⊆ ℓq are two closed and complemented subspaces. Let Y1
and Y2 be closed subspaces such that
X1 ⊕ Y1 = ℓp, X2 ⊕ Y2 = ℓq.
Proposition 3.1. If both Y1 and Y2, or both X1 and X2 have infinite dimension,
then [P ] = RP . That is, any projector conjugated to P is also path-connected to
it. Otherwise, π0(RP ) ≈ Z, that is in the conjugacy class of P there are infinitely
many connected components.
Proof. From [1, Theorem 2.24, p. 35], closed infinite-dimensional and comple-
mented subspaces of ℓp and ℓq are isomorphic to ℓp and ℓq, respectively. Moreover,
from [6], the linear groups of ℓp and ℓq are contractible, and LSS(ℓp, ℓq) = L(ℓp, ℓq),
from [1, Pitt’s Theorem, p. 32] and [1, Theorem 2.1.9, p. 33]. Therefore, the
decomposition
(X1 ⊕ Y1)
⊕
(X2 ⊕ Y2) = E, F := X1 ⊕ Y1, G := X2 ⊕ Y2
satisfies all the assumptions of Lemma 3.1, making j a group isomorphism on
π0(GL(E)). From Proposition 2.1, we need to check whether the inclusion
ϕ∗ : π0(GL(X1 ⊕X2)×GL(Y1 ⊕ Y2))→ π0(GL(E))
is surjective. In particular, we want to know whether we can obtain an invertible
operator in T on E such that j(T ) = 1. Let
(A,B) ∈ GL(X1 ⊕X2)×GL(Y1 ⊕ Y2)
be an arbitrary element and T := A⊕ B. We denote by P1 and P2 the projectors
on X1 and X2, and by Q1 and Q2, the projectors on Y1 and Y2. We have
1 = ind(P1AP1) + ind(Q1BQ1)(3.2)
0 = ind(Q1BQ1) + ind(Q2BQ2)(3.3)
0 = ind(P1AP1) + ind(P2AP2).(3.4)
The first equality comes from the requirement j(T ) = 1. The second and the third
equalities follows from (a) of Lemma 3.1 when it is applied to the spaces Y1, Y2 and
X1, X2.
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In finite-dimensional spaces, all the operators are Fredholm with index zero. Sup-
pose that the assumption of the proposition is not fulfilled, that is, for instance, X1
and Y1 have finite dimension. Therefore, in (3.2), we obtain 1 = 0 + 0; if X1 and
Y2 have finite dimension, therefore, from (3.3), we obtain
ind(Q2BQ2) = 0 = ind(Q1BQ1)
which yields to
1 = ind(P1AP1) = 0
combining (3.2) and the fact that X1 has finite dimension. A similar arguments
gives a contradiction when X2 and Y1 both have finite dimension.
Now, we suppose that both X1 and X2 have infinite dimension. Then, we can
define on X1 ⊕X2 an invertible operator V similar to (3.1). Then
j(ϕ(V, idY1⊕Y2)) = 1.
And, if both Y1 and Y2 have infinite dimension,
j(ϕ(idX1⊕X2 , V )) = 1.

Therefore, in ℓp ⊕ ℓq, the projector PF (or PG) is an example of projector such
that [P ] 6= RP . We notice that PF is not conjugated to idE − PF = PG (ℓp is
not isomorphic to ℓq). This might suggest that the features of the example in
(1.2) were not entirely transposed to the setting of linear operators. The following
remark explains why this is not possible
Remark 3.1. If P is in P(L(E)), and idE − P ∈ RP , then [idE − P ] = [P ].
We conclude this paper by showing that our example is substantially different from
the one obtained in [7]. We mean that C(S3,M(2,C)) does not have the algebraic
structure of the space of bounded operators on a Banach space E. This would
already follow from Remark 3.1, but we prefer to give a proof which is independent
from the content of the work in [7].
Proposition 3.2. Given a non-empty compact space K, a natural number n and
a Banach space E, C(K,M(n,C)) is not isomorphic to L(E), unless E ≃ Cn and
K is a singleton.
Proof. We look at the centers of the two algebras. We have
Z(L(E)) = 〈idE〉, Z(C(K,M(n,C))) = C(K, 〈idn〉).
If C(K,M(n,C)) ≃ L(E) there is an algebra isomorphism between the two centers.
Therefore, Z(L(E)) ≃ Z(C(K,M(n,C))). The first space has dimension one, while
the second space has infinite dimension unless K is finite. If K is a singleton,
then the dimension is one. In that case C(K,M(n,C)) ≃ M(n,C). In conclusion,
M(n,C) is isomorphic to L(E) only in one case: when E ≃ Cn. 
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